We present modifications to the Athena++ framework to enable use of general equations of state (EOS). Part of our motivation for doing so is to model transient astrophysics phenomena, as these types of events are often not well approximated by an ideal gas. This necessitated changes to the Riemann solvers implemented in Athena++. We discuss the adjustments made to the HLLC, and HLLD solvers and EOS calls required for arbitrary EOS. For the first time, we demonstrate the reliability of our code in a number of tests which utilize a relatively simple, but non-trivial EOS based on hydrogen ionization, appropriate for the transition from atomic to ionized hydrogen. Additionally, we perform tests using an electron-positron Helmholtz EOS, appropriate for regimes where nuclear statistical equilibrium is a good approximation. These new complex EOS tests overall show that our modifications to Athena++ accurately solve the Riemann problem with the expected linear convergence. We provide our test solutions as a means to check the accuracy of other hydrodynamic codes. Our tests and additions to Athena++ will enable further research into (magneto)hydrodynamic problems where realistic treatments of the EOS are required.
INTRODUCTION
While the assumption of an ideal gas is common in astrophysical fluid dynamics, there are many systems where this is not a valid approximation. This assumption is utilized due to its wide range of applicability and extremely simple equation of state (EOS); i.e. relations between fluid parameters including pressure, density and internal energy. Supernovae (e.g. Fryxell et al. 2000; Bruenn et al. 2018; Coleman et al. in prep.) , Kilonovae (e.g. Radice 2017) , and ionization instabilities in accretion disks (e.g. Lasota 2001; Hirose et al. 2014; Coleman et al. 2016; Scepi et al. 2018; Coleman et al. 2018) are just a few examples where a realistic treatment of the EOS is necessary, and the assumption of an ideal gas gives the wrong results. These example also show the significance of realistic EOS in modeling transient events. As transient surveys such as ASASSN (Shappee et al. 2014; Kochanek et al. 2017) , Catalina (Drake et al. 2009 (Drake et al. , 2017 , ZTF (Masci et al. 2018) , and the upcoming LSST (LSST Science Collaboration et al. 2017 ) continue to advance our observations of these events, we must also simultaneously increase the realism of our models. One key way of improving the fidelity of astrophysical fluid simulations is by utilizing realistic EOS. For finite-difference (magneto)hydrodynamic, (M)HD, codes such as Zeus (Stone & Norman 1992a,b) , it is relatively easy to use a general EOS (as used by Hirose et al. 2014 ). However, for Godunov-type code such as Athena++, it is much more challenging to incorporate a general EOS, as one must solve the Riemann problem using the same EOS (an aspect we will discuss in more detail later). The seminal work of Colella & Glaz (1985) enabled Godunov codes to use non-trivial EOS in a more robust manner, by addressing the Riemann problem for a general EOS. This paved the way for Godunov codes to adopt more realistic EOS, such as FLASH (Fryxell et al. 2000) , CASTRO (Almgren et al. 2010) , and Chimera (Bruenn et al. 2018 ). Here we extend the Athena++ framework (Stone et al. 2019, submitted) to perform non-relativistic (M)HD simulations using general EOS (subject to two assumptions discussed later). While Athena++ is capable of relativistic MHD , the EOS extensions we describe here are only applicable to non-relativistic calculations. Although the methods described in this paper are not the first to incorporate realistic EOS in a MHD code, they make Athena++ 1 the first publicly-available open-source MHD code whose general EOS capabilities have been explicitly verified with a suite of (M)HD tests utilizing a non-trivial EOS. We note that FLASH (Fryxell et al. 2000) comes close to being able to make this claim, but they have not published any tests where they dynamically evolve a fluid utilizing a non-ideal EOS and verified against a known solution. Additionally, CASTRO (Almgren et al. 2010 ) is a HD code which has previously run similar tests (Zingale & Katz 2015) but does not evolve magnetic fields.
To achieve the incorporation of general EOS we had to modify the Riemann solvers utilized by Athena++. Accordingly, we summarize the Riemann problem in Section 2. In Section 3 we describe the methods we use to solve the equations of (M)HD with a general EOS. We describe the generation of a series of tests to verify our code in Section 4 and analyze their results in Section 5. In Section 6 we summarize our work and make some concluding remarks.
THE RIEMANN PROBLEM
The Riemann problem is a fundamental component of Godunov-type codes such as Athena++, enabling them to evolve the fluid equations. In this section we describe the Riemann problem for the case of a 1D unmagnetized fluid described by the Euler equations:
where ρ, v x , p, and e are, respectively, the mass density, speed, gas pressure, and internal energy density of the fluid in question. Additionally, E = ρv 2 x /2+e is the total energy density. A relation between p, e, and ρ is required to close the system of equations which is provided by the EOS, e.g. p = p(ρ, e), or e = e (ρ, p), which we assume to obey ∂p ∂ρ e > 0 (4)
in the rest-frame of the fluid. These assumptions are sufficient, but not necessary to guarantee that the Riemann problem has a unique solution (see e.g. Chen et al. 2019, hearafter C19) . Here the left wave (shaded gray) is a rarefaction wave, middle is a contact discontinuity (thin-black line), and right is a shock wave (bold-black line).
The Riemann problem inquires how to describe the evolution of two semi-infinite constant fluid states,
separated by a partition (at x = 0) after its removal (at t = 0). The majority of modern grid based hydrodynamic codes (including Athena++) solve this problem at every cell interface at every time-step to compute the fluxes across these interfaces. Accordingly, it is necessary to revisit the Riemann problem when considering realistic EOS.
Often the solution to a Riemann problem is shown graphically as a "Riemann fan" (see Fig. 1 ). The Riemann fan visibly demonstrates that the solution is a function of only x/t, where t is the time since the partition was removed and x is the distance from the partition's location at t = 0. It also shows that the solution consists of four different constant fluid states (from left to right: U L , U L * , U R * , and U R ), separated by three waves. The outer two waves are either shock-waves or rarefaction-waves, while the middle wave is always a contact wave/discontinuity.
Recently, C19 closely examined the Riemann problem with particular care given to general EOS and demonstrate that it can be solved exactly to arbitrary precision. However, doing so is too computationally expensive for most practical purposes (even for an ideal gas). To make hydrodynamic simulation numerically tractable, (M)HD code tend to solve the Riemann problem approximately.
C19 also showed that generalizing the Riemann problem from an ideal gas to a more realistic EOS requires utilizing the precise definition of the adiabatic sound speed
where the subscript s denotes that the derivative is taken at constant specific entropy.
METHODS
We start with the Athena++ code framework (Stone et al. 2019, submitted) which can solve the equations of MHD (here we neglect diffusive effects such as viscosity and resistivity) 2 :
where v is the fluid velocity, I is the identity tensor, B is the magnetic field, and E = e+ρv 2 /2+B 2 /2 is the total energy density. For the entirety of this paper we use second-order piecewise-linear primitive 3 reconstruction with the second-order van Leer time integrator.
EOS Framework
Here we describe the requirements and constraints of our general EOS framework. This framework here should be thought of as a means to implement a variety of EOS for use with Athena++, with no particular application in mind. As previously stated, we assume that EOS used in this framework obeys Eqns. 4 and 5. Implicit in this statement is that these derivatives are well defined and behaved. The EOS must also provide the following functions for Athena++ to be able to evolve the fluid equations:
The first two of these functions are used to convert primitives to conservatives and the inverse, respectively. Athena++ uses the total energy density (E = e+ρv 2 /2+ B 2 /2) as a conserved variable and thermal pressure p as a primitive; accordingly, e is computed from E by subtracting off the other energy components before the conversion to pressure is made. Finally, the adiabatic sound speed is used to determine the CFL condition and in the Riemann solver (e.g. for computing characteristic speeds and fluxes). Any EOS which is able to provide these functions and obey Eqns. 4 and 5 can work in this framework, even a piecewise EOS. The generalization from an ideal gas to a more realistic EOS in Athena++ can be schematically represented as follows:
where γ is the adiabatic index for the ideal gas. All of these translations are intuitive, however it is non-trivial to show that these translations preserve all the characteristic speeds associated with the Riemann problem (see Appendix B of C19). With one caveat (see Appendix A), these three translations cover all the changes required to generalize Athena++ for realistic EOS. In short, the changes we made to Athena++ can be summarized as follows: we found all instances of γ and replaced them using one of the above translations.
Tabular EOS
While Eqns. 13-15 can written in a (semi-)analytic fashion, they may also be implemented with interpolated tables. Here we present the details of the tabular EOS utility that we have created for use with our general EOS framework, although the framework is more flexible and extendible, if the need for more complicated tables arises, such as the Helmholtz EOS (Timmes & Swesty 2000) discussed in Section 4.3.
The functions 13-15 need to be precomputed in some discretized way. In stead of precomputing these functions directly, we tabulate 4 log (p/e) (log ρ, log e + η log ρ)
log (e/p) (log ρ, log p + η log ρ) (20)
where η is a user specified constant, and
These all take the form of log (q) (log ρ, log ), where q is a dimensionless quantity and is either eρ η or pρ η (which both have the same dimensionality). For simplicity, we discretize these functions with a regularly spaced rectangular grid:
where N ρ and N are the sizes of the table in the ρ and directions respectively, i ∈ {0..(N ρ − 1)}, and j ∈ {0..(N − 1)}. We allow for an arbitrary shift between pressure and internal energy,
with c 0 an arbitrary constant (set to one by default), but e and p are both required to have the same number of points (N ). Bilinear interpolation is used to estimate the values of 19-21 in-between the discretized points; this guarantees the preservation of monotonicity. If data is requested from off the table, then linear extrapolation is used, although it is best to prevent this from happening by creating sufficiently large tables and setting floors for p, e and ρ wisely. An alternative that is feasible in this framework (although not currently implemented) is to use a different EOS outside the table domain. One of the motivations for choosing 19-21 as the tabulated quantities, is that for an ideal gas these are constants, i.e.
This enables a table with N ρ ≥ 2 and N ≥ 2 to exactly (to machine precision) reproduce the results of explicitly using the ideal gas EOS, which we have verified with Athena++.
Riemann Solvers
For HD problems we utilize the HLLC (Toro et al. 1994 ) Riemann solver. Before the work presented here, Athena++ used the Roe average to approximate the middle state as a means to estimate the extremal wavespeeds in the HLLC solver (see e.g. Sections 10.5.1 and 11.3.3 of Toro 1999) . After experimenting with a few wave-speed estimators we discovered that the PVRS (primitive variable Riemann solver) method described in Sections 9.3 and 10.5.2 of Toro (1999) resulted in significant reduction of errors and improved convergence in tests 3 and 4 (see Section 4 and Table 2 ), without negatively affecting the accuracy of solutions using an ideal gas EOS. Accordingly, we now use this method to estimate the extremal wave-speeds. The details of these two wave-speed estimators are given in Appendix A.
While for MHD problems we use the HLLD Riemann solver with the wave-speed estimator given by Equation 12 of Miyoshi & Kusano (2005) , as originally used in Athena++.
GENERATING TESTS
Previously, only C19 and Zingale & Katz (2015) give exact solutions for hydrodynamic tests involving a nontrivial EOS. As this work was developed in conjunction with C19, we developed tests independently and we wanted to create a series of tests based on an analytic EOS (not done by Zingale & Katz 2015) , requiring us to develop our own series of Riemann problem tests to validate our code.
Hydrogen HD Tests
We use a relatively simple EOS which consists of only electrons, neutral hydrogen, and ionized hydrogen, with an ionization fraction x governed by Saha's equation; see Appendix B for more details. This EOS is designed to test the codes ability to accurately evolve fluids through ionization transitions (as is necessary for ionization instabilities in accretion disks; see e.g. Hirose et al. 2014; Coleman et al. 2018) . We use an arbitraryprecision general EOS Riemann Solver based on that developed by C19 5 to generate solutions for comparison with Athena++. All tests using this hydrogen EOS (tests 1-7) are done with the publicly available version 19.0 of Athena++.
When running these tests within Athena++, every time an EOS call is made, first the code performs a root find 6 to determine the temperature, which is used along with density to analytically compute the required EOS quantity. For tests, this is substantially better than using a lookup table, as the convergence would be sensitive to the details and resolution of the table implementation.
Due to the nature of our EOS, a set of units naturally arises (see Table 1 ). Unless otherwise specified, all quantities are given in these units. Two notable exceptions are the length and duration of the simulation runs, ∆x and ∆t respectively. This is because Riemann solutions 
Note-These units are chosen for convienence of calculations with our EOS (see Appendix B) and the subscript "u" stands for unit.
are scale free, depending only on x/t. Therefore we only specify the ratio of ∆t/∆x (in units of 1/v u ).
One trivial test that we ran was a 1D sinusoidal-linearwave at ρ = p = 1 (making Γ1 = 1.615) with a wave amplitude of δρ = 10 −6 . The wave was initialized in an eigenmode with the sound speed as the expected propagation speed. We verified that the wave returned to its original position after one sound-crossing time.
As this test has no way of probing the accuracy of nonlinear HD, we also define 6 different Riemann problems, listed in Table 2 , to test the accuracy and convergence of Athena++ in non-linear HD. The simulation domain spans ±∆x/2 and are run for a duration of ∆t. The initial conditions are two separate constant (left/right) states with a discontinuity at x = 0. We specify the density (ρ), speed (v x ), and temperature (T ) for the left and right initial states. Traditionally, pressure (p) is used instead of temperature, however Eqn. B33 allows us to readily compute p(ρ, T ), and using temperature makes it easier to define problems where the ionization state changes significantly. The corresponding pressures of these initial states can be found in Appendix C.
To classify the errors we define the L 1 and L 2 norms as
where N is the number of cells used in a simulation. For f = x, t, we also define the cell-wise error between the simulation data and the exact solution
As the general Riemann problem contains discontinuities, the expected convergence is linear, i.e. L 1 (f ) ∝ 1/N , and L 2 (f ) ∝ 1/N , where N is the number of cells. To test the convergence, each test is run with N = 64, 128, 256, 512, 1024, 2048 cells. Additionally, we set the CFL number to 0.4. We provide all test solutions in Appendix C to enable tests with other (M)HD codes.
We first note the similarity between the tests presented here and those in C19; as noted before, these works were developed simultaneously. All of these tests are designed to exhibit substantial variations in both the ionization fraction x and effective adiabatic index Γ 1 , to test the code's ability to accurately describe non-ideal EOS. The first two tests (1 and 2) are based the classical Sod (1978) shock tube, with the initial left/right states at zero velocity and higher pressure on the left which drives a rightwards shock. Tests 3 and 4 are asymmetric double shocks, where both initial states have a supersonic inward flow. As we will discuss in Section 5 these prove to be the most changing tests. Tests 5 and 6 are respectively, symmetric and asymmetric double rarefaction wave tests.
Hydrogen MHD Test
In addition to the previous HD tests, it is also important to test that our code can accurately reproduce a known MHD problem with a general EOS. Unfortunately, prior to this work, there were no published tests (or corresponding solutions) for MHD with a non-trivial EOS, requiring us to develop our own. Computing the characteristics (i.e. eigenbasis) for the MHD Riemann problem with a general EOS is non-trivial and beyond the scope of this work. Instead, we restrain ourselves to the subset of MHD Riemann problems (see e.g. Ryu & Jones 1995 , for details on the MHD Rimena problem) where all seven waves are discontinuities. To solve this type of Riemann problem, one only needs to consider the jump conditions across the discontinuities (Ryu & Note-The left (l) and right (r) density (ρ), speed (u), and temperature (T ), as well as ∆t/∆x are given in the units listed in Table 1 . Note-Initial conditions for test 7, based on "test 2a" from Ryu & Jones (1995) . Table 1 for unit deffinitions). 
where E = e + (ρv 2 + B 2 )/2, p tot = p + B 2 /2, [q] = q i+1 − q i , and F i is the mass flux across the discontinuity separating the i and i + 1 states. This gives 49 equations (the seven above equations for each of the seven discontinuities) and 49 unknowns: the fluid pa-
.7}) and the fluxes (F i ) across all seven discontinuities.
To create our seventh test we utilize the initial left (i = 1) and right (i = 8) states used in "test 2a" of Ryu & Jones (1995) (see Table 3 ). The difference that we introduce is the hydrogen EOS (Appendix B), where Ryu & Jones (1995) use an ideal EOS, and we tune the simulation units to achieve a large variation in Γ 1 . We used the ideal gas solution presented in Ryu & Jones (1995) as our initial guess for numerically determining the solution to the system of the above 49 equations to generate our test solution (Table 13 ).
Helmholtz HD Tests
A commonly used non-ideal EOS used in astrophysical fluid dynamics (particularly in stellar interiors and supernovae) is the Helmholtz EOS (Timmes & Swesty 2000) , based on the Helmholtz free energy. Despite its wide usage, there exists only one previous work (Zingale & Katz 2015) with HD tests showing convergence to a known solution. We add to this work by computing exact solutions to Riemann problems with the Helmholtz EOS in different parameter space. We then conduct a proper HD convergence test using this EOS by implementing it in Athena++ and comparing the simulation results to the exact solutions. Even though this EOS has a tabular component to it, we do not utilize the tabular EOS formalism in Section 3.2. Instead, we implemented this EOS as a function of density and temperature exactly as described by Timmes & Swesty (2000) and preform a root-find 7 to determine the temperature at each EOS call. The last recovered temperature is used as an initial guess for the next EOS call. The inclusion of the Helmholtz EOS also demonstrates the flexibility and extensibility of our EOS framework.
In developing a Riemann problem test we restrict ourselves to (density-temperature) regimes where the sound speed is non-relativistic and the pressure is not dominated by degeneracy pressure. The EOS framework described here is not capable of relativistic calculations, giving rise to our first constraint, while the second constraint is more numeric in origin, as it is problematic to invert p = p(ρ, T ) for temperature when degeneracy pressure dominates. As in our previous tests we also wish to generate tests with a noticeable variation of Γ 1 . This set of constraints precludes double rarefactionwave tests because Γ 1 varies negligibly along adiabats (which rarefaction-waves follow) in the non-degenerate non-relativistic regime. We are left with a Sod-like and a double shock test, tests 8 and 9 respectively (see Table 4 and Figs. 10 and 11). As before we set the CFL number to 0.4. We limit ourselves to two Helmholtz EOS tests, as the variation of Γ 1 is small compared to the hydrogen EOS tests, making Helmholtz less challenging.
RESULTS AND DISCUSSION

Hydrogen HD Tests
With the exception of the double rarefaction tests (3 and 4), all tests show convergences rates close to linear, i.e. the expected/best-case rate. We elaborate on the outcomes and details of these tests below.
Sod-Like
Tests 1 and 2 show convergence very close to linear, as expected for discontinuities (see Figs. 2 and 3) . The two discontinuities (contact in the middle and shock to the right) are spread out over several grid cells (an effect typically called numerical viscosity), but track the actual discontinuities well at high resolution. Both of these tests show overshooting of v x at the transition from the rarefaction wave to the L * state (recall Fig. 1) , which manifests as a noticeable-but-small "notch" feature at N = 2048. Similarly, test 1 shows undershooting of ρ and p at the same transition and similar "notch" features.
Shock-Shock
Tests 3 and 4 exhibit the worst convergence (only at high resolution) compared to the other tests by a significant margin. Both of these tests also show worsening convergence at higher resolution (N 256), with errors for test 3 nearly constant for 512 ≤ N ≤ 2048. Low amplitude oscillations of ρ and p about the exact solution are present (most noticeable at N = 64). At N = 2048 these oscillations are reminiscent of ringing artifacts and the Gibbs phenomenon especially at the location of the rightmost shock. C19 have noted similar issues, and we have seen comparable results in analogous ideal gas EOS tests, in terms of convergence and deviations from the solution at a fixed resolution.
This lack of convergence may by indicative of the limitations of a finite volume methods without front tracking; specifically, when a cell straddles a discontinuity, utilizing the volume averaged state likely results in errors that cannot be diminished with increasing resolution. This is especially noticeable at the forward and reverse shocks in tests 3 and 4 (see Figs. 4 and 5) , where points are seen well below the correct Γ 1 curve. This is because Γ 1 is non-monotonic here, causing the cellaveraged density and pressure (through the EOS) to give a Γ 1 lower than the Γ 1 on either side of the shock. This under-prediction of Γ 1 is roughly the same for N = 64 and N = 2048, suggesting that this is related to the lack of convergence at high resolution. 10 2 10 3 N 10 −1 10 0
Normalized Error
Test 1 Test 2 Table 2 ). 10 2 10 3 N 10 −1 10 0
Test 3 Table 2 ). 10 2 10 3 N 10 0
Test 4 Table 2 ). 10 2 10 3 N 10 −2 10 −1 10 0
Test 5 Table 2 ). 10 2 10 3 N 10 −2 10 −1 10 0
Test 6 Figure 7 . Same as Fig. 2 but for Riemann test 6 (see Table 2 ). 10 2 10 3 N 10 −1 10 0
Test 7 Despite these issues, even the N = 64 case (for both tests) well approximates the exact solution, indicating that our code preforms reasonably well. Additionally, these test were designed as a worse case scenario, so the fact that at N = 64 the recovered solution is close to the exact solution is reassuring.
As alluded to in Section 2, these tests seem to be sensitive to the choice of wave-speed estimators. For the HLLC Riemann solver we found that the PVRS estimator performed significantly better then the Roe averaged method (see Appendix A for details on these wave-speed estimators). We hope that these tests could be utilized for further examination of the impact of different wavespeed estimators.
Double-Rarefaction
Tests 5 and 6 both show close to linear convergence, and small errors (see Figs. 6 and 7) . A small deviation in density is noticeable in both tests near the middle of the simulation. This central spike is a common feature in numerical solutions of double-rarefaction wave tests (see e.g. Toro 1999; Chen et al. 2019) . It is particularly surprising how significantly affected the ionization fraction (x) and Γ 1 are effected here (especially at N = 64). This is because the test is tuned to be at the ionization edge, making these parameters very sensitive to pressure and density. Despite the large deviations of x, and Γ 1 , the remainder of the plotted fluid parameters are well behaved and remain close to the exact solution.
HLLE
We experimented with the HLLE 8 Riemann solver using a variety of wavespeed estimators. None of the wavespeed estimators we tried effected the outcomes of tests 1, 2, 5 and 6 (this is also true for HLLC). For these tests, HLLE had found L 1 and L 2 errors a few tens of per cent worse than HLLC. For tests 3 and 4 HLLE did not converge to the correct solution for any of the wavespeed estimators we tried 9 ; although there may exist a wavespeed estimator which does enable HLLE to properly converge. Figure 10 . Same as Fig. 2 but for Riemann test 8 (see Table 4 ). Figure 11 . Same as Fig. 2 but for Riemann test 9 (see Table 4 ). the exact solution. We also ran tests 1 − 6 where we explicitly use the MHD equations with B = 0 and the HLLD Riemann solver. With the exception of tests 3 and 4, all results and errors were consistent to the results for HLLC (using the Euler equations). Tests 3 and 4 had slightly worse convergence, and the deviations (i.e. L 1 and L 2 ) of the recovered solution compared to the exact one were worse by a factor of up to three. This is due to the different wave-speed estimator; when we change HLLC to use the estimator that is currently used by HLLD, similar results are recovered. Unfortunately, the PVRS wave-speed estimator (see Appendix A) is not readily extendable to MHD. This indicates that further work is needed on testing and deriving different wavespeed estimators for HLLD.
Hydrogen MHD Test
Helmholtz HD Tests
Both the Sod-like and double shock tests (tests 8 and 9 respectively) show good convergence (roughly linear as expected) and accurately reproduce the exact solution. At N = 2048 test 8 shows no significant deviation from the exact solution, and even the N = 64 case tracks the exact solution rather well. Test 9 exhibits similar features compared to the analogues hydrogen tests (3 and 4) . At N = 64 oscillations about the exact solution are present, albeit with small amplitudes. The ringing artifacts are again present at N = 2048 around the two shock discontinuities.
We note that test 9 has more accurate results and better convergence compared to the analogues hydrogen tests, indicating that the hydrogen EOS provides more strenuous tests of our modifications to Athena++. This is likely because the hydrogen EOS has more rapid and substantial variations in Γ 1 , and discontinuities can span regions where Γ 1 is far from monotonic. Our tests using the Helmholtz EOS show that this EOS is well behaved for (M)HD applications with Godunov-type codes, and that our new framework is capable of handling a variety of EOS.
SUMMARY AND CONCLUSION
In this paper, we described new modifications to the Athena++ framework which enables the use of general EOS in solving non-relativistic (M)HD problems. This required modifications to EOS calls and the (HLLC, and HLLD) Riemann solvers within Athena++, and we were unable to find a modification to HLLE that enabled it to properly converge to the solutions of tests 3 and 4.
Due to the lack of previously existing tests, we generated a series of (M)HD tests utilizing a non-trivial EOS based on a hydrogen gas, and two HD tests using the Helmholtz EOS (Timmes & Swesty 2000) . We then use these tests to verify the accuracy and convergence rate of our modifications to Athena++. For the most part our code recovered solutions close to the exact ones and converged as expected. This was less true for the hydrogen EOS double-shock tests (3 and 4), but the deviations from the exact solution were still small in these cases. These double-shock tests may also demonstrate a limit of the finite volume method: near the forward and revere shock-discontinuities passing the cell-averaged fluid state to the EOS results in Γ 1 values that are significantly lower compared to Γ 1 on either side of te shock.
In our investigation we discovered that wave-speed estimator used within the Riemann solver can make a substantial difference in both the convergence rate and overall accuracy, in particular for tests 3 and 4. Accordingly, we suggest further investigation into wave-speed estimators, especially for HLLD.
By making our newly developed tests freely available to other code developers and by including our EOS framework into the publicly available version of Athena++, we hope to enable a wide variety of research involving astrophysical fluids where the complexities of a realistic EOS have a substantial impact. Before the work presented here, Athena++ used the Roe average to approximate the middle state as a means to estimate the extremal wave-speeds (see e.g. Sections 10.5.1 and 11.3.3 of Toro 1999) . The Roe average middle state givesρ
where H = p/ρ + e + v 2 /2 is the total specific enthalpy, h = H − v 2 /2 is the internal specific enthalpy, and the Tilda (e.gH) denotes the Roe average of the quantity underneath. Note, that this requires a fourth EOS function, a 2 (ρ, h), in addition to the three previously specified by Eqns. 13-15. For an ideal gas, Eqn. A4 simplifies tõ
Using these results, the approximations of the extremal wave-speeds are
A.2. PVRS Method
After experimenting with a few wave-speed estimators we discovered that the primitive variable Riemann Solver (PVRS) method for estimating the wave-speed, described in Sections 9.3 and 10.5.2 of Toro (1999) , resulted in significant reduction of errors and improved convergence in tests 3 and 4 (see Section 4 and Table 2 ). Accordingly, we now use this method to estimate the extremal wave-speeds, as we describe here. The middle sates are estimated by
where K is either L or R. We note that the last of these equations become trivial for an ideal EOS (Γ * K = γ), making the computation of ρ * K unnecessary (Eqns. A12 and A13).
With these computed we estimate the extremal wave-speeds as
The added benefit of using the PVRS method over the Roe average method, is that it reduces the number of required EOS functions from four to three.
B. SIMPLE HYDROGEN EOS
To test our Riemann solvers in the simplest possible EOS which contains an ionization transition, we consider a plasma with only three species: electrons (e − ), neutral hydrogen (H 0 ), and protons/ionized hydrogen (H + ). We shall assume local thermal equilibrium (LTE) and consider only one reaction:
To derive this EOS we need to know the relevant partition functions. Z i,r is the partition function per volume for the r th ionized state of species i (henceforth partition function will be used to mean partition function per volume). The partition function can be broken down into parts 
While this is not technically true for H 0 , it is a relatively small effect on the EOS. Additionally, this EOS is meant as a simple proof of concept and not for high precision applications. We now list the partition functions for all the species. The partition functions not explicitly described are unity. The translational partition function has the same form for all species
where n q ≡ 2πm e kT ion h 2 3/2 = 1.514892 × 10 23 cm −3 (B22)
and is the only "partition function" which is actually a partition function per volume. Physically, T ion corresponds to the ionization energy of hydrogen, and at this temperature n q is roughly the number density where the quantum degeneracy pressure of elections becomes important. Note that we neglect differences in mass due to ionization level (i.e. m i,r = m i for all r). The remaining non-trivial partition functions are
while all the unspecified partition functions are unity.
To compute the EOS we must solve the Saha equation corresponding to Eqn. B18, number conservation, and charge neutrality:
respectively, where x i,r is the fraction of species i in ionization state r, and n nuc = ρ/m p is number density of atomic nuclei regardless of ionization state. Note that we have neglected the electrons' contribution to the mass budget. Solving these equations for the ionization fraction x = x H,1 we get:
x(ρ, T ) = 2
x(ρ,T ) = 2 1 + 1 + 4ρ exp 1/T T −3/2 .
whereρ = ρ/m p n q andT = T /T ion . Pressure and specific internal energy are respectively p = i,r n i,r kT = n q kT ion ×ρT 1 + x(ρ,T ) ,
The generalized adiabatic index Γ 1 is (Coleman 2017):
making the adiabatic sound speed squared
C. TEST SOLUTIONS In this appendix, we list all the test errors and all the constant states in the Riemann solutions for all the tests presented in this work. Machine readable tables consisting of a 101 points of data for each rarefaction wave are provided in the supplementary data. 
1 64 1.18526e-09 3.90788e-10 1.75673e-10 4.70512e-11 0.0101844 0.0049524 1 128 6.52211e-10 1.82219e-10 8.98295e-11 2.17277e-11 0.00535542 0.00242333 Table 6 . Test 1 solution
1.0000000e-07 2.9979766e-08 0.0000000e+00 1.5000000e-01 −∞ -7.0412538e-01 2 3.6231794e-08 6.5530353e-09 5.9219500e-01 9.2937185e-02 1.0725946e-01 5.9219500e-01 3 5.9466421e-08 6.5530353e-09 5.9219500e-01 7.4070032e-02 5.9219500e-01 7.4980628e-01 4 1.2500000e-08 1.0026412e-09 0.0000000e+00 6.2000000e-02 7.4980628e-01 ∞ Note-Density (ρ), pressure (p), speed (u), temperature (T ) and bounding wave speeds (λ min , λ max ) for the four constant states in the solution of test 1. The solution for the rarefaction wave is in supplementary material. 
1 5.0000000e-07 3.0000000e-09 1.5000000e+00 6.0000000e-03 −∞ -2.2343227e-01 2 5.3963971e-06 1.3505075e-06 -6.3748668e-02 1.3442604e-01 -2.2343227e-01 -6.3748668e-02 3 3.7900129e-06 1.3505075e-06 -6.3748668e-02 1.7931867e-01 -6.3748668e-02 1.4111796e-01 4 4.0000000e-07 2.4000000e-09 -1.8000000e+00 6.0000000e-03 1.4111796e-01 ∞ Note-Density (ρ), pressure (p), speed (u), temperature (T ) and bounding wave speeds (λ min , λ max ) for the four constant states in the solution of test 4. 
8.0000000e-05 8.3166294e-06 -8.0000000e-01 9.5000000e-02 −∞ -1.1617972e+00 2 6.1125432e-06 2.5241908e-07 0.0000000e+00 4.1286848e-02 -2.6033771e-01 0.0000000e+00 3 6.1125432e-06 2.5241908e-07 0.0000000e+00 4.1286848e-02 0.0000000e+00 2.6033771e-01 4 8.0000000e-05 8.3166294e-06 8.0000000e-01 9.5000000e-02 1.1617972e+00 ∞ Note-Density (ρ), pressure (p), speed (u), temperature (T ) and bounding wave speeds (λ min , λ max ) for the four constant states in the solution of test 5. The solutions for the rarefactions wave are in supplementary material. 
64 2.08e-2 5.45e-3 1.48e-2 5.44e-3 1.19e-2 3.31e-3 8.23e-3 2.49e-3 1.80e-2 5.08e-3 1.37e-2 3.72e-3 2.25e-2 6.49e-3 128 1.17e-2 2.74e-3 7.81e-3 2.78e-3 7.10e-3 1.73e-3 5.46e-3 1.52e-3 1.06e-2 2.56e-3 8.16e-3 2.05e-3 1.22e-2 3.21e-3 256 6.31e-3 1.34e-3 3.91e-3 1.33e-3 3.74e-3 8.64e-4 3.56e-3 8.63e-4 5.49e-3 1.22e-3 4.94e-3 1.12e-3 6.32e-3 1.60e-3 512 3.35e-3 7.25e-4 2.10e-3 7.71e-4 2.06e-3 4.30e-4 2.07e-3 4.96e-4 3.03e-3 6.83e-4 2.85e-3 6.52e-4 3.29e-3 8.57e-4 1024 1.78e-3 3.60e-4 9.83e-4 3.19e-4 1.11e-3 2.17e-4 1.17e-3 2.56e-4 1.57e-3 3.18e-4 1.56e-3 3.26e-4 1.63e-3 3.98e-4 2048 9.87e-4 1.93e-4 5.08e-4 1.80e-4 6.22e-4 1.16e-4 7.00e-4 1.44e-4 8. Table 1 for unit deffinitions). 
